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Abstract
Symmetric Tamm-Dancoff (STD) type q-deformed quantum oscillators are used as the
base for constructing the respective STD type q-Bose gas model. In this letter, within the
STD q-deformed Bose gas model we derive explicit analytic expressions for the r-particle
momentum distribution functions, and for the (momentum) correlation function intercepts
of 2nd, 3rd, and any rth order. Besides, we obtain large-momentum asymptotic formulas
for the rth order intercepts which show dependence on the q-parameter only. The obtained
formulas provide new example, in addition to already known two cases, of exact results for
r-particle distributions and the correlation function intercepts in deformed analogs of Bose
gas model.
Keywords. Symmetric Tamm-Dancoff deformation, deformed Bose gas model, deformed
oscillators, correlation functions, intercepts, multiparticle distributions.
1 Introduction
The statistical (two-dimensional, lattice) models constitute large class of exactly solvable mod-
els [1] whose development is witnessed even in present days. The solvability in those models
implies the possibility of finding exact results for the partition function, correlation functions etc.
On the other hand, there exists another important branch of modern statistical physics, namely
the study of deformed analogs of Bose (and Fermi) gas model in two, three, etc. dimensions. Its
development, from the earliest papers on the subject [2–6] and till some most recent ones [7–9]
demonstrates that this still remains a hot topic (see also [10, 11] for some, by no means ex-
haustive, list of works published during the last two decades), with many interesting problems
awaiting for their resolving. Among these, it is worth to point out the task of deriving exact
expressions for statistical quantities, in particular the multi-particle distribution functions and
respective (momentum) correlation functions or their intercepts. At present, to the best of our
knowledge, for only two essentially differing deformed analogs of the Bose gas model that task
has been performed. Namely, the r-particle (r ≥ 1) distribution functions and the respective
r-particle correlation function intercepts have been obtained (i) for the p, q-deformed Bose gas
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model, see [12], and (ii) for the recently proposed µ-deformed analog of Bose gas model [13]. The
two models principally differ: while the first one belongs to Fibonacci class [14], the second one is
not Fibonacci, but is a typical representative of the class of quasi-Fibonacci models [15].
Recently, a new symmetric Tamm-Dancoff (STD) q-deformed oscillator has been intro-
duced [16] and some of its major properties studied. Note that usual Tamm-Dancoff q-
oscillator [17, 18] involves only real values of the parameter q, and possesses diverse cases of
accidental degeneracies of energy levels [19]. The STD q-oscillator admits, besides real, also the
complex phase-like values of deformation parameter q and, moreover, there exist definite values of
q = exp(iθ) for which accidental degeneracies of energy levels do occur [16]. The possibility to deal
with the complex-valued deformation parameter, which we have in particular in the STD type
q-deformed model, gives some important advantages, as it was discussed in (the last paragraph
of) ref. [16].
Let us emphasize that whereas usual Tamm-Dancoff q-oscillator belongs to the class of Fi-
bonacci oscillators, the STD q-deformed oscillator does not. Namely, as shown in [16], it is a
quasi-Fibonacci one (the notion of quasi-Fibonacci oscillators was introduced in [15]).
In this letter our goal is to derive, for the STD type q-deformed Bose gas model based on the
set of STD type q-deformed oscillators, the exact expressions for the r-particle (r ≥ 1) distribution
functions and the respective r-th order correlation function intercepts. By deriving this result we
demonstrate that there is one more, the third, q-deformed family of modified Bose-gas like models
for which it proves possible to obtain the exact analytical formulas for the rth order distribution
functions and r-particle correlation intercepts.
2 Basics of the symmetric Tamm-Dancoff q-oscillator [16]
The symmetric q-deformed bosonic Tamm-Dancoff oscillator algebra is defined as
aa† − a†a = {N + 1}q − {N}q =
1
2
(1 + (1− q−1)N))qN +
1
2
(1 + (1− q)N)q−N , (1)
[N, a†] = a†, [N, a] = −a,
where
a†a = {N}q ≡ ϕSTD(N) ≡
N
2
(qN−1 + q−N+1) =
N
2
q−N+1(1 + (q2)N−1) (2)
with {N}q denoting the STD type q-number (q-bracket) or structure function, and q is either real,
0 < q ≤ ∞, or complex phase-like: q = exp(iθ), −pi ≤ θ ≤ pi.
One can easily show that the q-analog Fock-type representation of the algebra (1) is valid:
N |n〉 = n|n〉, n = 0, 1, 2, . . . ,
a|n〉 =
√
n
2
(qn−1 + q−n+1)|n− 1〉 =
√
{n}q|n− 1〉,
a†|n〉 =
√
n+ 1
2
(qn + q−n)|n+ 1〉 =
√
{n+ 1}q|n+ 1〉.
Remark that this STD q-bracket can be also written as a “multiplicative hybrid” of the structure
function ϕ(n) = n of usual oscillator and that of the Biedenharn - Macfarlane q-deformed oscil-
lator [20, 21] i.e. the (obviously symmetric under q ↔ q−1) structure function ϕBM(n) ≡ [n]q =
2
qn−q−n
q−q−1
, as follows:
{n}q = n
[n]q−[n−2]q
2
or {n}q = n
[2(n− 1)]q
2 [n− 1]q
. (3)
3 Intercepts of 2nd and 3rd order correlation functions
The deformed Bose gas model constructed from the set of independent modes of deformed oscil-
lators with STD type structure function of deformation ϕSTD(N), see eq. (2), is studied here. We
start with the following defining expression for the intercept (see e.g. [22] for a nondeformed case,
and [12] for deformed one) of rth order momentum correlation function, with fixed momentum k:
λ(r)(k) =
〈(a†
k
)r(ak)
r〉
〈a†
k
ak〉r
− 1 =
〈ϕ(Nk)ϕ(Nk − 1) · ... · ϕ(Nk − r + 1)〉
〈ϕ(Nk)〉r
− 1. (4)
The bracket 〈...〉 denotes statistical (thermal) average. As seen, to find the intercepts λ(2)(k) and
λ(3)(k) we have to calculate the averages 〈a†
k
ak〉, 〈(a
†
k
)2(ak)
2〉 and 〈(a†
k
)3(ak)
3〉. In what follows,
when performing the calculations that involve the quantities for a fixed mode, the index k will be
omitted for the sake of simplicity.
Taking the Hamiltonian in the simplest linear (additive) form
H =
∑
k
ε(k)Nk =
∑
k
~ωkNk, (5)
for the average 〈a†a〉 we find:
〈a†a〉 = 〈ϕ(N)〉 =
∞∑
n=0
n
2
(qn−1 + q−n+1)e−β~ωn
/ ∞∑
n=0
e−β~ωn =
=
1
2
(1− e−x)
(
−
∂
∂x
) ∞∑
n=0
(qn−1 + q−n+1)e−nx =
(1− e−x)
2
(
−
∂
∂x
)( q−1
1−qe−x
+
q
1−q−1e−x
)
=
=
e−x(1−e−x)
2
( 1
(1−qe−x)2
+
1
(1−q−1e−x)2
)
(6)
where x = β~ωk, β =
1
kBT
, kB is Boltzmann’s constant. In a similar way we calculate 〈(a
†)2(a)2〉:
〈(a†)2a2〉 = 〈ϕ(N)ϕ(N − 1)〉 =
1
4
〈N(N − 1)(qN−1 + q−N+1)(qN−2 + q−N+2)〉 =
=
1
4
(1− e−x)
( ∂2
∂x2
+
∂
∂x
) ∞∑
n=0
(qn−1 + q−n+1)(qn−2 + q−n+2)e−nx =
=
1
4
(1− e−x)
( ∂2
∂x2
+
∂
∂x
) ∞∑
n=0
(q2n−3 + q−2n+3 + q−1 + q)e−nx =
=
1
4
(1− e−x)
( ∂2
∂x2
+
∂
∂x
)( q−3
1− q2e−x
+
q3
1− q−2e−x
+
q + q−1
1− e−x
)
.
3
Utilizing the equality
(
∂2
∂x2
+ ∂
∂x
)
1
1−αe−x
= 2 α
2e−2x
(1−αe−x)3
we arrive at the desired expressions
〈(a†)2a2〉 =
1
2
e−2x(1− e−x)
[ q
(1− q2e−x)3
+
q−1
(1− q−2e−x)3
+
q + q−1
(1− e−x)3
]
,
λ(2)(k) =
2
[
q
(1−q2e−x)3
+ q
−1
(1−q−2e−x)3
+ q+q
−1
(1−e−x)3
]
(1−e−x)
(
(1−qe−x)−2 + (1−q−1e−x)−2
)2 − 1.
(7)
Analogously, with account of equality
(
∂
∂x
+ 2
)(
∂
∂x
+ 1
)
∂
∂x
1
1−αe−x
= −6 α
3e−3x
(1−αe−x)4
, for 〈(a†)3a3〉 we
obtain the third order distribution function and same order correlation function intercept:
〈(a†)3a3〉 =
3
4
e−3x(1−e−x)
[ q3
(1−q3e−x)4
+
q−3
(1−q−3e−x)4
+
q3(1+q−2+q−4)
(1−qe−x)4
+
q−3(1+q2+q4)
(1−q−1e−x)4
]
,
λ(3)(k) =
6
[
q3
(1−q3e−x)4
+ q
−3
(1−q−3e−x)4
+ q
3(1+q−2+q−4)
(1−qe−x)4
+ q
−3(1+q2+q4)
(1−q−1e−x)4
]
(1−e−x)2
(
(1−qe−x)−2 + (1−q−1e−x)−2
)3 − 1.
(8)
4 Distributions and correlation function intercepts of rth
order
The definition (4) of rth order intercepts λ(r) involves the averages (deformed distributions)
〈(a†)rar〉, that in the STD q-Bose gas case gives
〈(a†)rar〉 = 〈ϕ(N) · ... · ϕ(N − r + 1)〉 = 〈N(N − 1)...(N − r + 1)
r∏
j=1
(qN−j + q−N+j)〉. (9)
For the product appearing in this equality we obtain
r∏
j=1
(qN−j+q−N+j) =
r∏
j=1
qN−j
r∏
j=1
(1+(q2)−N+j) = qrN−r(r+1)/2
r∑
k=0
(q2)−kN
∑
1≤j1<...<jk≤r
(q2)j1+...+jk =
= qrN−r(r+1)/2
r∑
k=0
(q2)−kN
(2r−k+1)k/2∑
s=k(k+1)/2
p(k, r, s)q2s (10)
where p(k, r, s) is the number of partitions of s into k distinct summands each of which being
not greater than r. Remark also that the product in (10) can be expressed through the Gaussian
q-binomial coefficients
(
n
k
)
q
(see e.g. [23] for definition) by means of the identity
r∏
j=1
(1 + (q2)−N+j) =
r−1∏
j=0
(1 + q−2N+2 · q2j) =
r∑
k=0
qk(k+1)
(
r
k
)
q2
(q2)−kN . (11)
Now perform the calculation that generalizes the case of 〈(a†)2a2〉 or 〈(a†)3a3〉 to any rth order:
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〈(a†)rar〉 = 〈N(N − 1)...(N − r + 1)
r∏
j=1
(qN−j + q−N+j)〉 = (1− e−x)
∞∑
n=0
1
2r
n(n− 1)...(n− r + 1)·
·
r∏
j=1
(qn−j + q−n+j)e−nx =
(−1)r
2r
(1− e−x)
( ∂
∂x
+ r − 1
)
...
∂
∂x
∞∑
n=0
r∏
j=1
(qn−j + q−n+j)e−nx =
=
(−1)r
2r
(1− e−x)
( ∂
∂x
+ r − 1
)
...
∂
∂x
∞∑
n=0
qrn−r(r+1)/2
r∑
k=0
(q2)−kn
(2r−k+1)k/2∑
s=k(k+1)/2
p(k, r, s)q2se−nx =
=
(−1)r
2r
(1− e−x)
r∑
k=0
(2r−k+1)k/2∑
s=k(k+1)/2
p(k, r, s)q2s−r(r+1)/2
( ∂
∂x
+ r − 1
)
...
∂
∂x
1
1− qr−2ke−x
. (12)
By induction, it can be verified that
( ∂
∂x
+ r − 1
)
...
( ∂
∂x
+ 1
) ∂
∂x
1
1− qe−x
= (−1)rr!
qre−rx
(1− qe−x)r+1
. (13)
Indeed,
( ∂
∂x
+r
)
...
∂
∂x
1
1− qe−x
= (−1)rr!qr
( −re−rx
(1− qe−x)r+1
−(r+1)
qe−xe−rx
(1− qe−x)r+2
)
+(−1)rr!r
qre−rx
(1− qe−x)r+1
=
= (−1)r+1(r + 1)!
qr+1e−(r+1)x
(1− qe−x)r+2
. (14)
From (13) and (12) we derive one of our major formulas, namely
〈(a†)rar〉 =
r!
2r
(1− e−x)e−rx
r∑
k=0
(2r−k+1)k/2∑
s=k(k+1)/2
p(k, r, s)q2s−r(r+1)/2
q(r−2k)r
(1− qr−2ke−x)r+1
=
=
r!
2r
(1− e−x)e−rx
r∑
k=0
q(r−2k)r
(1− qr−2ke−x)r+1
((2r−k+1)k/2∑
s=k(k+1)/2
p(k, r, s)q2s−r(r+1)/2
)
(15)
which in terms of well-known q-binomials takes the form
〈(a†)rar〉 =
r!
2r
(1− e−x)e−rx
r∑
k=0
qk(k+1)−r(r+1)/2
(
r
k
)
q2
q(r−2k)r
(1− qr−2ke−x)r+1
. (16)
Using (6), (16) and definition (4) we write out the expression for the rth order intercept as our
final result:
λ(r)(k) =
r!q−r(r−1)/2
∑r
k=0
(
r
k
)
q2
q(k−r)(k−r+1)
(1−qr−2ke−x)r+1
(1−e−x)r−1
(
(1−qe−x)−2 + (1−q−1e−x)−2
)r − 1, x = β~ωk. (17)
Its β~ωk →∞ (large momentum or low temperature) asymptotics takes the form:
λ(r)as = {r}q!− 1 =
r!
2r
r∏
k=1
(qk−1 + q−k+1)− 1. (18)
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Let us stress that the obtained asymptotics depends, besides the order r, on the deformation
parameter q only: neither mass of particle nor the temperature of q-Bose gas survive in the
asymptotics. In the particular case of r = 4 we have:
〈(a†)4a4〉 =
3
2
(1− e−x)e−4x
[ q6
(1− q4e−x)5
+
1 + q2 + q4 + q6
(1− q2e−x)5
+
q−4 + q−2 + 2 + q2 + q4
(1− e−x)5
+
+
1 + q−2 + q−4 + q−6
(1− q−2e−x)5
+
q−6
(1− q−4e−x)5
]
, (19)
and
λ(4)(k) =
24
[
q6
(1−q4e−x)5
+ 1+q
2+q4+q6
(1−q2e−x)5
+ q
−4+q−2+2+q2+q4
(1−e−x)5
+ 1+q
−2+q−4+q−6
(1−q−2e−x)5
+ q
−6
(1−q−4e−x)5
]
(1−e−x)3
(
(1−qe−x)−2 + (1−q−1e−x)−2
)4 − 1. (20)
It is worth noting that the symmetry under q → q−1, though certainly valid, is not so obvious
in the obtained general result (16), but, it is easily seen for each of the particular results (7), (8),
(19) for r = 2, 3, 4 respectively.
As a kind of consistency check, we take the q → 1 limit of general formula (16) and obtain
〈(a†)rar〉|q→1 =
r!
2r
e−rx
r∑
k=0
(
r
k
) 1
(1− e−x)r
=
r! e−rx
(1− e−x)r
, λ(r)as |q→1 = r!− 1, (21)
as it should be in the usual case of standard (ideal) Bose gas model.
Thus, the expressions (16)-(18) constitute our exact results for the r-particle momentum distri-
butions and r-th order (r ≥ 2) correlation function intercepts, along with their large momentum
asymptotics, established in the symmetric TD type q-Bose gas model.
5 Concluding remarks
The results obtained in this letter (presented in Eqs. (6), (16), (17), (18)) represent the third
particular case from among different deformed analogs of Bose gas model wherein the exact ex-
pressions for the r-particle distribution functions and for the respective rth order correlation
functions intercepts have been derived. It is of interest to compare (the form of) these formulas
with the two analogous previous results for the p, q-Bose gas model and for the µ-deformed analog
of Bose gas model. Whereas in ref. [12] the rth order correlation intercept λ
(r)
p,q+1 appears as fully
factorized one-term expression depending on ex ≡ eβ~ω and p, q, the analogous results for λ
(r)
µ +1
in [13] and λ
(r)
q + 1 in the present work are obtained as non-factorized expressions consisting of
r + 1 terms, each of which formed from elementary functions of eβ~ω in this letter (see eq. (17)
above), but, each one containing special function (Lerch transcendent) in ref. [13]. Anyway, with
these particular three models of deformed Bose gas at hands, we have to mention in conclusion
that now an interesting problem arises of describing the whole class of deformed Bose gas models
which admit the obtaining of similar exact results.
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